Modified wave operators without loss of regularity 
for some long range Hartree equations. I 



J. Ginibre 

Laboratoire de Physique Theorique3 
Universite de Paris XI, Batiment 210, F-91405 ORSAY Cedex, France 

G. Velo 

Dipartimento di Fisica, Universita di Bologna 
and INFN, Sezione di Bologna, Italy 



Abstract 

We reconsider the theory of scattering for some long range Hartree equa- 
tions with potential |x|~ 7 with 1/2 < 7 < 1. More precisely we study the local 
Cauchy problem with infinite initial time, which is the main step in the con- 
struction of the modified wave operators. We solve that problem in the whole 
subcritical range without loss of regularity between the asymptotic state and 
the solution, thereby recovering a result of Nakanishi. Our method starts 
from a different parametrization of the solutions, already used in our previous 
papers. This reduces the proofs to energy estimates and avoids delicate phase 
estimates. 
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1 Introduction 



This paper is devoted to the theory of scattering and more precisely to the proof 
of existence of modified wave operators for the long range Hartree type equation 



where u is a complex valued function defined in space time IR with n > 2, A is 
the Laplace operator in IR n and 



where k G IR, < 7 < 1 and * denotes the convolution in IR n . 

A large amount of work has been devoted to the theory of scattering for the 
Hartree equation (11.11) with nonlinearity (jl.2p . both in the short range case 7 > 1 and 
in the long range case 7 < 1. See [2] [3] [5] [6] and references therein quoted. In order 
to prove the existence of wave operators, one has to construct solutions of the given 
equation with prescribed asymptotic behaviour at ±00 in time. The asymptotic 
behaviour is that of solutions of the free Schrodinger equation in the short range 
case 7 > 1, thereby leading to ordinary wave operators, and has to be modified by a 
suitable phase factor in the long range case 7 < 1, thereby leading to modified wave 
operators in that case. The asymptotic behaviour is parametrized by an asymptotic 
state, which plays the role of (in the short range case can be taken to be) the initial 
data for the asymptotic behaviour. The main step in the construction of solutions 
with prescribed asymptotic behaviour consists in solving the local Cauchy problem 
with infinite initial time, with the asymptotic state playing the role of initial data. 
From now on, we concentrate on that problem. In f2j we have solved that problem for 
arbitrarily large data in the range 1/2 < 7 < 1 (the easier borderline case 7 = 1 can 
be treated by the same method but requires slightly different formulas containing 
logarithms). The method used in [2] consists in parametrizing the solution u in terms 
of an amplitude v and a phase tp and solving an auxiliary system of equations for 
the pair (v , (p). It has two defects, namely : (i) there is a natural notion of criticality 
for that problem, and the regularity required for the solution is significantly higher 
than the critical one, namely the method does not cover the entire subcritical range, 
and (ii) there occurs a loss of regularity (essentially a loss of two derivatives on 
v) between the asymptotic state and the solution eventually obtained. These two 
defects were remedied in [5] and [6] for 7 = 1 and for 1/2 < 7 < 1 respectively, 
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by the use of two new ingredients, namely : (i) a different parametrization of the 
solution u, and (ii) the clever use of a local conservation law satisfied by Schrodinger 
type equations including (II. ip . This allows in addition to fix the new phase ip from 
the beginning, thereby leaving only one equation for the new amplitude v. However 
the method requires rather complicated phase estimates in the more difficult case 



It turns out however that the two new ingredients used in [S] [S] are independent 
of each other. In particular the local conservation law can also be exploited with the 
parametrization used in [2], provided the latter is supplemented with the systematic 
use of an ultraviolet momentum cut-off. One can then recover the main results of [6], 
namely solve the local Cauchy problem at infinity in time in the whole subcritical 
range and without any regularity loss, by elementary energy methods not requiring 
any delicate phase estimates. The purpose of the present paper is to present that 
simpler alternative method. 

The simpler method also lends itself naturally to an iteration scheme which can 
be expected to cover the range 7 < 1/2, with the n-th interation covering the range 
l/(n + 2) < 7 < l/(n + 1), still without any regularity loss between the asymptotic 
state and the solution. However the method does not seem to make it possible 
to cover the entire subcritical range as soon as 7 < 1/2, and stronger regularity 
conditions seem to be required. Furthermore, the necessary estimates, although still 
elementary, become more and more cumbersome as n increases. In a subsequent 
paper, as an illustration we shall treat the problem in the range 1/3 < 7 < 1/2 by 
means of the first iteration. 

We now introduce the relevant parametrization of u needed to study the Cauchy 
problem at infinite time, restricting our attention to positive time. The unitary 
group 



1/2 < 7 < 1. 



U{t) = exp(i(t/2)A) 



(1.3) 



which solves the free Schrodinger equation can be written as 



U(t) = M(t) D{t) F M(t) 



(1.4) 



where M(t) is the operator of multiplication by the function 

M(t) = exp(ix 2 /2t) , 



(1.5) 




(1.6) 
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where 

(D (t)f) (x) = f(x/t) . (1.7) 
For any function w of space time, we define 

w{t) = U(-t) wit) (1.8) 

and we define the pseudoconformal inverse w c of w by 

w{t) = M(t) D(t) HT c {l/t) (1.9) 

or equivalently 

w{t) = Fw c (l/t) (1.10) 

which shows that the pseudoconformal inversion is involutive. 

The Cauchy problem at infinite initial time for u is then equivalent to the Cauchy 
problem at initial time zero for its pseudoconformal inverse u c . The equation (II. ip 
is replaced by 

id t u c = -(l/2)Au c + t 7 " 2 g(u c )u c . (1.11) 
We now parametrize u c in terms of an amplitude v and a phase (p according to 

u c (t) = exp(-i<p(t))v(t) (1.12) 

so that 

u{t) = M{t) D(t)exp(i(p{l/t))v(l/t) 

= D(t) exp (i<p(l/t)) D-\t) M(t) D(t) v(l/t) 

or equivalently 

u{t) = exp (i {D {t)ip{l/t))) v c {t) . (1.13) 
The original equation then becomes the following equation for v 

id t v = -(l/2)A s v + (t^ 2 g(v) - dt<p) v (1.14) 

where s = V<p and 

A s = (V - i s) 2 = A - 2i s ■ V - i(V • s) - \s\ 2 . (1.15) 

We want to choose ip so as to cancel the divergence at t — of the last 
term in (11.141) . but that cancellation is needed only at large distances, namely 
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for low momentum. We therefore introduce a momentum cut-off as follows. Let 
X E C°°(IR + , iR + ), < x < 1, X(t) = 1 for £ < 1, x(£) = for £ > 2. We define 



XL = X^t 1 ' 2 ) 
with co = (— A) 1//2 , and correspondingly 

9l(v) = xl giy) 



Xs = 1~Xl (1-16) 
9s(v) = Xs g(v) . (1.17) 



We want to solve (I1.14p with v continuous at t = with v(0) = v . For that purpose, 
we choose (assuming from now on 7 < 1) 

<p = -(l- 7 )- 1 f- 1 g L (v ) (1.18) 

so that 

d tV = V- 2 g L (v ) - (1 - 7)- 1 t^ 2 xl g{v ) (1-19) 

with 

X L = x(ut 1 / 2 ) t x(i) = {l/2W(£) • (1.20) 
With that choice, the equation (11.141) becomes 

id t v = L(v) v (1.21) 

with 

L(v) = -(1/2) A s + V- 2 g s (v) + (1 - 7)- 1 t^ 2 xl g(v ) + t^ 2 (g L (v) - g L (v )) . 

(1.22) 

We shall also need the partly linearized equation for v' 

id t v' = L(v)v' . (1.23) 

The method consists in first solving the Cauchy problem with initial time zero 
for the linearized equation (11.231) . One then shows that the map v — > v' thereby 
defined is a contraction in a suitable space in a sufficiently small time interval. This 
solves the Cauchy problem with initial time zero for the nonlinear equation (11.211) . 
One then translates the results through the change of variables (11.12p to solve the 
Cauchy problem with initial time zero for the equation (II. lip or equivalently with 
infinite initial time for the equation (II. ip . The final result can be stated as the 
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following proposition, which is adapted to the equation ( II. ip in a neighborhood of 
infinity in time. We need the notation 

FH P = {ueS' : F~ x u G H p } . 

Proposition 1.1. Let 1/2 < 7 < 1. Let 1 - 7/2 < p < n/2. 

(1) Let uo G FH P and define 

V (t) = -(l- 1 y 1 T- 1 g L (Fu ) . (1.24) 

Then there exists Tx> > and there exists a unique solution u of the equation 
( li.i]) such that v c defined by M.9\) M.12\) or equivalently by M.13\) satisfies v c G 
C([T DO , 00), FH P ) and such that 

v c (t) -)■ u in FH P when t -)■ 00 . (1.25) 

Furthermore u G C([T 0O , 00), FH P ) and u satisfies the estimate 

|| u(t); FH P || <Co„(l + al t 1 -T f ) 1+W (1.26) 

/or a// 1 > Too, where [p] is the integral part of p and 

a = || u - FH P || . 

(2) Let in addition p > 3/4. Then the map Uq — > v c is continuous from FH P to 
L 00 ([T 00 , 00), FH P ) and the map u u is continuous from FH P to L^QToo, Ti], FH P ) 
for all T\, Too < T x < 00. 



Proposition 1.1 follows from Propositions 4.1, 4.2, 5.1 and 5.2 through the change 
of variables (ll.9p or (ll.lOp . which implies in particular that 



|| w(t);FH p || = || w c (l/t);H p || = || w c (l/t);H p \\ . (1.27) 

The condition p > 1— 7/2 in Proposition 1.1 is the subcriticality condition mentioned 
above. For technical reasons, the continuity properties in Part (2) are proved only 
under the stronger condition p > 3/4. 

This paper is organized as follows. In Section 2, we introduce some notation and 
we collect a number of estimates which are used throughout this paper. In Section 3, 
we study the Cauchy problem for the linearized equation (I1.23P with initial time 
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t > 0. In Section 4, we solve the Cauchy problem with initial time zero for the 
nonlinear equation (11. 21 p . In Section 5, we prove the continuity of the solutions of 
(ll.2ip with respect to the initial data. In Appendix Al, we prove Lemma 2.4 on 
commutators. In Appendix A2, we sketch the proof of the preliminary Proposition 
3.1. 

In all this paper (as in [2j) we assume that 1/2 < 7 < 1. The easier case 7 = 1 
can be treated by the same method, but requires slightly different formulas. 



2 Notation and preliminary estimates 

In this section we introduce some notation and we collect a number of estimates 
which will be used throughout this paper. We denote by || ■ || r the norm in U = 
L r (IR n ). For any interval / and any Banach space X we denote by C(I, X) (resp. 
C W (I, X)) the space of strongly (resp. weakly) continuous functions from I to X and 
by L°°(I,X) the space of measurable essentially bounded functions from / to X. 
For real numbers a and b we use the notation a\/b = Max(a, b) and aAb = Min(a, b). 
We define (a) + = a V and 

[a] + = (a) + for a^O 

= e for some e > for a = . 

We shall use the Sobolev spaces and defined for —00 < a < +00, 
1 < r < 00 by 

E° r = {u:\\ u] H° || = || u a u \\ r < 00} 

and 

E a T = {u :|| u; H° \\ = \\< ui > a u || r < 00} 

where u = (—A) 1 / 2 and < • >= (1 + | • I 2 ) 1 / 2 . The subscript r will be omitted both 
in H a and in the U norm if r = 2 and we shall use the notation 

1 /2 

|| uj a±0 u II = f II oo a+£ u II II u a ~ £ u ll") for some e > . 



Note also that for < 7 < n [7] 

g(u) = K |x|~ 7 -k \u\ 2 = K C^^n iS'~ n |w| 2 
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We shall use extensively the following Sobolev inequalities. 



Lemma 2.1. Let 1 < q,r < oo, 1 < p < oo and < cr < p. If p = oo, assume that 
p — a > n/r . Let 6 satisfy ajp < 9 < 1 and 

n/p — a = (1 — 6)n/q + 6{n/r — p) . 

Then the following inequality holds 

II || p <C\\u \\\- e || u p u \\l . (2.1) 

We shall also use extensively the following Leibnitz estimates. 

Lemma 2.2. Let 1 < r,ri,r% < oo and 

1/r = 1/ri + l/r 2 = l/r 3 + l/r 4 . 
Then the following estimates hold for o > : 

|| U a (uv) \\ r < C (|| 0J a U \\ n || V \\ r , 2 + \\ OJ^V || r3 || W || r4 ) . (2.2) 

An easy consequence of Lemmas 2.1 and 2.2 is the inequality 



u a fu\\ < ^(ll/IU + ||u;"/ 2 /ll) 



tu u 



< C || u n/2±0 f || || || (2.3) 

which holds for |er| < n/2. 

Another consequence is the following lemma. 

Lemma 2.3. Let < a = o\ + Oi and a\ V 0"2 < n/2. Then 

|| u u - n/2 (uv) || < C || || || u/ 72 *; || . (2.4) 

We shall also need some commutator estimates, which are most conveniently 
stated in terms of homogeneous Besov spaces B" p. In the applications, we shall 
use only the fact that 2 = H a . The following lemma is an extension of Lemma 3.6 
in [5] and may have independent interest. The proof will be given in Appendix Al. 
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Lemma 2.4. Let Pi, i = 1,2 be homogeneous derivative polynomials of degree or 
u ai for a,i > 0. Let A > 0. Then for any (sufficiently regular) functions m, u and v 
the following estimates hold. 

| < P lU , [oo x , m]P 2 v > | < C || m; n V~ V^L 90 || || u; B£ 2 n L qi || 
|| vj^nL* || (2.5) 

with < f < 1, 1 < r i; qi < oo, < i < 2, 

<K<?o) = o-q + 5(r ) - z/ , <!>(<&) = o-j + 6(r;) , i = 1,2 . (2.6) 

°i + ${n) = A + ai + a 2 + n/2 (2.7) 

0<i<2 

a + (o"! A a 2 ) > A + «i + a 2 

(2.8) 

CTl + C2 > A + «i + « 2 - ^ 

where 8{r) = n/2 — n/r and W~ 1 ui 1 ~ u L q t/ie space of tempered distributions m 
such that u^Vm e L q . 

Remark 2.1. The condition (12. 6p implies that the various spaces occuring in the 
RHS of (12.51) are homogeneous under dilation, and the condition (12.71) is the global 
homogeneity condition of the estimate. More general, possibly non homogeneous, 
estimates can be derived by the same method (see Appendix Al). 

We shall repeatedly use the estimate of s = V(p with ip defined by (I1.18P 
|| V J s ||oo + || u n/2 V 3 s || < C || cu n/2±0 V J s || < C t^- 1 || v ;H p f (2.9) 
for j = 0, 1, where 

A i = 7-(l/2)[l+j + 7 -2p]+. (2.10) 
The first inequality in (12 .9p follows from Lemma 2.1 and the second one from 

|| w "/ 2 ±Vs || = C t^ 1 || uj l+ ^ n ' 2± \ L \v Q \ 2 || , 

from the definition of xl and from Lemma 2.3. Note that up to an e in the case of 
equality 

A = 7 A (1/2 + 5) , Ai = 7 A5 (2.11) 
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where 6 = p - 1 + 7/2, so that Ai > and A > 1/2 for 7 > 1/2 and p > 1 - 7/2. 
The latter condition is the subcriticality condition mentioned in the introduction. 



We shall also need some phase estimates. The following lemma is a variant of 
Lemma 3.3 in [5]. 

Lemma 2.5. Let ip be a real function. Let a > and 1 < q,r < 00. Then the 
following estimate holds 

|| (exp(z^) - 1) ;B° q \\<C || tp;B° q || (l+ || <p; B ^ ||) W 

where [a] is the integral part of a. 

An essential tool in this paper, as in jl] [5] [6], is an estimate which follows from 
a local conservation law for solutions of a suitable linear Schrodinger equation. 

Lemma 2.6. Let 1/2 < p < n/2, let I be an interval, let s G L^ C (/,L°° n H n/2 ), s 
real IK n vector valued, and let t) 6 C(/, H p ) be a solution of the equation 

id t v + {l/2)A s v = Vv (2.12) 

in I for some real V G Lf£ c (I, L°°). Then for any t\, t 6 I, t\ < t, one can write 

W)\ 2 - \v(h)\ 2 = V x (t u t) + V 2 (h,t) (2.13) 

where V\ and V2 satisfy the following estimates : 

|| w 2<x-2-n/2 y^ t) || < C f dt > || w ^( t ') || 2 (3. 14) 

for 1/2 < a < p A (I + n/4), and 

|| ^a-l-n/2 y 2 ( tljt ) || < C f dt'{\\ S(t') lU + || Oj n/2 S (t') ||) || Ul'vtf) f 

(2.15) 

for < o < p. 

Sketch of proof. The formal conservation law 

d t \v\ 2 = — Im vA s v = — Im vAv + V • s\v\ 2 (2-16) 
10 



yields f !2 . 13j) . where for any test function ip of the space variable 

<V 1 (t u t),ij> = -(i/2) f dt' < v(t'), [A, ^)v{t') > , (2.17) 

< V 2 {t 1 ,t),il) > = - f dt' < s(t')\v(t')\ 2 , Vip > . (2.18) 
Jti 

By Lemma 2.4 with ai = 0, A = 2, = 2 (0 < i < 2), o"i = a 2 = o and therefore 
o"o = n/2 + 2 — 2cr, we obtain 

|< Vi(ti,t),V >| < C \\ uj n/2+2 ~ 2(T \\ f dt' W^vit') || 2 (2.19) 

for 1/2 < a < p A (1 + n/4), from which (12.141) follows by duality. 
In order to estimate V 2 , we estimate 

|| a; 2 ""™/ 2 s|i;| 2 || < C (|| s ||oo + || u n/2 s ||) || u a v || 2 (2.20) 

by (J2I3D and Lemma 2.3. The estimate (l2TT5j) then follows from (12TT81 f[2~2D|) by 
duality. 

□ 

We next exploit the previous lemma in the relevant situation. 

Lemma 2.7. Let 1/2 < p < n/2. Let vq G if p and let s = Vy? w«ta <p defined 
by Let I = (0,T] and let v G L°°{I,H P ) n C([0,T],L 2 ) safe/y t/te equation 

in I for some real V G L™ C (I, L°°). Then \v(t)\ 2 — \v (0)| 2 tends to zero in 
for — 1 — n/2 < fi < 2p — n/2 when t tends to zero. Furthermore 

\v(t)\ 2 - \v(0)\ 2 = V^t) + V 2 (0,t) (2.21) 

with 

|| w 2<x-2-n/ 2 ^(0,t) || < C a 2 t (2.22) 
for 1/2 < a < p A (1 + rc/4), and 

|| w ar-l-n/2 y 2 ( 0;t ) || < c a 2 a 2 t A ( 2 _ 23 ) 

/or < a < p, with 

a = |KL°°(/,iP) || , a = |K;# P || • (2.24) 

Proof. We first prove that Vy{tx,t) and V 2 {t u t) defined by (127171) ([2~T8]) converge 
when ti — > in the norms occuring in (12. 14j) (12 . 1 5[) and that the limits satisfy (I2.22j) 
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( I2.23p . This is obvious for V\. As regards V 2 , we estimate s in (I2.15P by (12.91) with 
j = 0. The resulting power of t' in the integral is then integrable at t = since 
A > 0. This proves the convergence of V 2 (ti,t) as t\ — > and the estimate (12.231) . 

On the other hand, by Lemma 2.3, |f(t)| 2 is bounded in H 2p ~ n l 2 uniformly in 
t. Together with (12.131) and with the previous convergence of Vi(ti,t) and V2(ti,t), 
this implies that |w(t)| 2 — |w(ti)| 2 converges in H 11 for —1 — n/2 < fi < 2p — n/2 
when t\ tends to zero for fixed t. We next identify the limit. Now 

Ht)\ 2 - Nti)| 2 = N*)| 2 - No)| 2 - (l^(ti)l 2 - No)| 2 ) 

and from Lemma 2.3 

II ^- nj2 (l^(ti)l 2 - |^(0)| 2 ) || < C || v{h) - v(0) || || to* {v{h) + v(0)) || 

forO < o < p, so that |f (t)| 2 -|^(ti)| 2 tends to \v (t)| 2 -|w(0)| 2 in for -n/2 < // < 
p — n/2 when t\ tends to zero for fixed t. By an appropriate abstract argument, this 
implies that the same convergence holds in the whole range — 1— n/2 < fi < 2p— n/2. 
This also implies (I2.2ip . which together with the available estimates, completes the 
proof of the stated convergence. 

□ 

Remark 2.2. The difference |f(t)| 2 — |f(0)| 2 tends to zero in some norms which 
are not expected to be finite for |v(t)| 2 and |f(0)| 2 separately, typically in if M for 
-1 - n/2 < fj, < -n/2. 

Remark 2.3. In most of the applications, we shall take vq = v (0), but this is not 
needed in Lemma 2.7. 

3 The linearized Cauchy problem for v 

In this section we study the Cauchy problem for the linearized equation (I1.23P 
with L(v) defined by (11.221) for a given v, with initial time to > 0. We first give a 
preliminary result with to > 0, where we do not study the behaviour of the solution 
as t tends to zero. 

Proposition 3.1. Let p > 7/2, let I = (0,T], let v E H p and let v E L% C (I,H P ). 
Let < p' < n/2, let < t < T and let v' E H p ' . Then the equation $1.23\) has a 
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unique solution v' G C(I,H P ') with v'(t ) = v' . The solution satisfies 



II v'(t) || = || v' || 
for all t G / and is unique in C(I, L 2 ). 

The proof is sketched in Appendix A2. 

We next study the boundedness and continuity properties near t = of the so- 
lutions of (jl.23p obtained in Proposition 3.1. Since we shall eventually be interested 
in taking p' = p, we already impose the condition p < n/2 in the next proposition 
(see however Remark 3.2 below). 

Proposition 3.2. Let 1 - 7/2 < p < n/2, let I = (0,T] and let v G L°°(I,H P ) n 
C([0,T], L 2 ) with u(0) = Vq. Let s = V<£> with defined by U.18\) . Let v satisfy 
the equation \2.12\) in I for some real V G Lf£ c (I , L°°) . Let 1/2 < p' < n/2 and let 
v' G C(I,H P> ) be a solution of the equation U.23\) in I. Then 

(1) v' G (CnL°°)(I,HP') nC w ([0 7 T],HP') nC([0,T],F ff ) forO < a < p' . 

(2) For all t G [0, T\, t\ G /, the following estimate holds 

II uA'(t) || < || ujP'v'ih) || E(\t-ti\) (3.1) 

where 

E{t) = E(t, a) = exp [c (aH M + aH 2X °~ l ) } , (3.2) 

a = || v;L°°(I,H p ) || (3.3) 

and Xj is defined by Ii2.10\) . 

(3) For all t, t\ G [0,T], the following estimate holds 

|| V'(t) - V '(tl) || < C\t - tl |(p72)A(2 7 -l) (1 + fl2) 2 || H p> || _ (3 _ 4) 

Remark 3.1. The estimate (13.11) for t, t\ G / holds for < p' < n/2, as will be 
clear from the proof. The condition p' > 1/2 is needed to derive H3.4f) which is used 
in turn to extend (13.11) to t — 0. 

Remark 3.2. The assumption p < n/2 in Proposition 3.2 can be dispensed with 
at the expense of using slightly different estimates, which yield different powers of t 
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in fl£2) and ( ED - 



Proof. We know already that the L 2 - norm of u' is conserved. The bulk of the 
proof consists in deriving the estimates (13.1 p and ( 13. 4p for t, t\ G /. We begin with 
(ETIj) . From (n~22|) ffl~23|) we obtain 

$ || ujp'v' || 2 = Im < u', [a; 2p ',L(u)]u' > 

= Re < [w 2p ', s] ■ W > + Im < v', [u 2p ' , f]v' > (3.5) 

where 

/ = (l/2)s 2 + f- 2 g s {v) + (^- 2 g L (v ) - d tV ) + t^ 2 (g L (v) - g L (v )) . (3.6) 

We estimate the first term in the RHS of f)3.5p by Lemma 2.4 with A = 2p', a\ = 0, 
«2 = 1, Ti — 2, o"i = (T2 = p', so that ctq = 1 + n/2 and go = oo. 

We estimate similarly the last term by Lemma 2.4 with A = 2p', ot\ = ct2 = 0, 
Ti — 2, G\ = a% — p 1 , so that <7o = n/2 and S(qo) = n/2 — 1. We obtain 

d t || u p 'v' \\ 2 \ < C (H u n/2 Vs || + || Vs Hoc + || co n/2 f II) || co p 'v' \\ 2 . (3.7) 

We estimate the various norms successively. We first estimate Vs by (12.91) with 
j = 1 so that 

|| w" /2 Vs || + || Vs ||oo < C a 2 t^- 1 (3.8) 

and similarly 

|| u n ' 2 s 2 || < || uj n / 2±0 s || 2 <Ca 4 t 2A °- 2 (3.9) 

by Lemma 2.1 and (I2.9P with j = 0. 
We next estimate 

^" 2 || w"/ 2 ^) || < C f'- 2+p -'/ 2 || u"v || 2 

< C a 2 t^- 1 (3.10) 

for p > 7/2, and similarly (see (I1.19P ) 

|| u n ' 2 (d t <p - V- 2 g L {v )) || = (1 - 7)- 1 f<- 2 || uj n ' 2 xl9(v ) II 

< C P-2+P-7/2 || ^ ||2 < C fl 2 t Ax-l _ (3 U ) 
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The contribution of the last term in / is estimated by the use of Lemma 2.7. 
From f[2T2Tj) . from ( |2~22|) with a = (1 + 7/2) A p > 1/2 and from f[2T23]) with 
cr = (1 + 7)/2 A p > 0, we obtain 

^- 2 |K/ 2 (^)-^ )) || = Ct^ 2 \\u'~ n / 2 XL (Vi(0,t) + V 2 (0,t)) 11 



Collecting (13"77) - f l3~T2|) . we obtain 

<9 t || uA'(t) || 2 | < N(t) || uA'(t) f (3.13) 

where 

N(t) = C (a 2 t^- 1 + a 4 t 2A °- 2 ) . (3.14) 

The crucial point of this estimate is that N(t) is integrable in time at t = since 
7 > 1/2 and p > 1 - 7/2 (see (jgXQ) ). Note that 

7/2 < 1/2 < 1 - 7/2 < (1 + 7 )/2 < 1 + 7/2 

for 1/2 < 7 < 1. Therefore the condition p > 1 — 7/2 implies the conditions p > 7/2 
and p > 1/2 used in the proof of f)3.10p and (13.121) respectively. Furthermore, there 
exists an interval, namely 1 — 7/2 < p < (1 + 7)/2 where the [ ]+ brackets are 
inactive. The estimate (13.11) (13.21) follows from (13. 13j) (I3.14p by integration for t 1( 
t G /. 

We next derive the estimate (13 .4[) for t, ti G /. For that purpose we define (see 

(USD) 

v'(t) = U(-t)v'(t) (3.15) 

L = L(v) + (1/2) A = is-V + (i/2)(V • s) + f (3.16) 
with / given by (13.61) . We rewrite (11.231) as 

id t v' = U(-t)LU(t)v (3.17) 

so that for t, ti G /, for fixed ti, 

d t || v'(t) - v'(t x ) || 2 = 2 Im < v'(t) - v'(ti), U(-t)L U(t) v'(ti) > 

= 2 Im < w,L v* > (3.18) 

where 

v* = Uit-t^v'itx) 

(3.19) 

w = v'(t) — V* . 



15 



We estimate 



d t || w || 2 < 2 | Re <w,s-Vv*>\ 
+ C || w || (|| w n/2 - pi V ■ s || + || u; n/2 - pi / ||) || u/V(ti) 

for some pi with < pi < p', to be chosen later. 
For < p' < 1, we write 

< w, s ■ Vf* > = — < V ■ sio, cj p i>* > 



and we estimate by Lemma 2.2 
|< u>, s • Vw* >| < C || u l ~ p 'w 



+ || u; n/2 s ||) || u/V^) 



For p' = 1, we estimate 

|< w, s • Vf* >| < || w || || s 



For p' > 1, we estimate 

|< w, s ■ Vv* >\ < C || w || || u n/2 - pl Vs || || w'Vfc) 

for 1 < pi < p'. 

Collecting (1^201) -( 13^41) yields 



ft || w 



< ^{x(p' < 1) || ^-o'w || (| 



I i II , ,n/2 



UJ 



+ || w || (|| w^-^Vs || + || u n/2 - pl f H) || w'V(ti) || } 

with < pi < p' and pi > 1 in the Vs term if p' > 1. 
For 1/2 < p' < 1, we interpolate 



u l - fJ 'w || < y a || w p w 



IIVp'-i 



where 



y=|M*)l| 2 , = l-l/(2p') 

so that (13.251) becomes 

|%| < C |x(p' < 1) (|| 8 Hoc + || ^ /2 s ||) afV 



+ (|| u^-^Vs || + || w"/ 2 ^ 1 / ||) a[ y 1 ' 2 } 
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with a[ =|| v'(ti);H p ' ||. We estimate s in the first term in the RHS of (13.261) by 
( 12. 9p with j = and we estimate the various contributions to the second term for 
suitable values of p\. We first estimate 

|| co n/2 - pl Vs || < C V- 1 || co 2+ ^- pl - n/2 XL \v \ 2 || 

< C t^ 1 || u p2 v f (3.27) 

by Lemma 2.3 with < p\ < p', < p 2 < P, Pi > 1 if p' > 1 and pi + 2p 2 = 2 + 7, 
in the case where p' + 2p > 2 + 7. In the opposite case, we take p\ = p', p 2 = p, and 
we use the cut off \l so that finally, for the relevant choice of pi, 

|| u n/2 - pl Vs || < C a 2 t^- 1 (3.28) 

with 

/ i 1 = 7-(l/2)(2 + 7-2p-p / )+ • (3.29) 

Similarly, we estimate 

|| w n/2- W | s |2|| < ^ || w n/2- Pl /2 s ||2 

= C t 2 ^ 2 I) c^-^-^xlM 2 f < C a 4 t 2 ^- 2 (3.30) 

with 

po = 7 - (1/2)(1 + 7 - 2p - p'/2)+ • (3.31) 
We next estimate, with p\ = p' 

t7 -2 || un/i-ft gs ( v ) || < c a 2 ^ , (3.32) 

|| w n/2 - p ' (d^ - £ 7 ~V(^o)) || < C a 2 t^- 1 . (3.33) 

We next consider 

£7 -2 || w n/2- pi ( ^ } _ ^ (vo)) || = C £7 -2 || ^ + ^ || 

where VJ = VS(0, t), z = 1,2, are defined by (12X71) (l2~T8l) . By (f2~T4j) we estimate 

|| w 7-PiW2 XL ^ || < Q f* df > || uPivtf) f (3.34) 

for < pi < p', 1/2 < p 2 < p and pi + 2p 2 = 2 + 7 in the case where p' + 2p > 2 + 7. 
In the opposite case, we take p\ = p', p 2 = p and we use the cut off xl, so that 
finally, for the relevant choice of pi, 

t7 -2 || u j- Pi -u/2 Xl Vl \\< C a 2 t^- 1 . (3.35) 
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We next estimate 

'v — n-i — n. 10. xr ii — I 

rt 



J-Pi-n/2^ y 2 || < ^ ^ || w l-Hr- W -»/2 Xi(t) ( sH 2) (f) || 

< C t dt' || w 1+ ^ l/2 - n/ Xt')| 2 || || u n/2 - pl/2 s(t') || 

JO 

< C fit t n ~ l || w«i;(0 f || wi+T-w/a-n/ 2 Xi(OI«o| 2 II 

JO 

< C || w^v,, f f dt't n ~ l || w'MO f (3.36) 



by repeated use of Lemma 2.3, for < p\ < p', p\ < 1 + 7, < p 2 < P and 
Pi/2 + 2p 2 = 1 + 7, in the case where p'/2 + 2p > 1 + 7. In the opposite case, we 
take pi = p', p 2 = p and we use the cut offs Xl(^) and XL(t'), so that finally, for the 
relevant choice of pi, 



t 7-2 || m| < ^ II ^.^p 11=2 t M0"2 

x /* dt' t /M0_1 II v(t'); E p II 2 < Ca 4 i 2 ^ 2 . (3.37) 

JO 

(Note that in the second case 

p' < 2 + 27 - 4p < 47 - 2 < 1 + 7 for 7 < 1) . 

Collecting (13T26D . CT) with j = and (13T28|) (13301) (13321) (jgjjj (13351) (13371) yields 

|%| < C { X (p' < l)a 2 t*- 1 a'\ /p ' y e 

+ \a 2 t^ 1 + aU 2 ^ 2 ) a[ y 1 ' 2 } . (3.38) 

Using the fact that the differential inequality 

\d t y\ < £M^V< 

i 

with < 9i < 1, Vi > implies 

y (0< cEf^r 1 !^-^' 1 ^' 



for t, ti > and y(ti) = 0, we obtain 



< C [x(p' < l)a 2p '\t - ^' Ao + a 2 |t - t^ 1 + a 4 \t - til 2 " " 1 } a\ 

< C ( X {p' <l)a 2p ' + a 2 {l + a 2 ))\t-t l \ p a\ . (3.39) 



18 



where 



= p'X A nx A (2// - 1) 

= p' 7 A p'(l/2 + 5) A 7 A (p'/2 + 5) A (2 7 - 1) A (p'/2 + 25) 
> p'/2A(2 7 -l) 



(3.40) 



since 1/2 < 7 < 1 and £ = p- l + 7/2>0. 
On the other hand, we estimate 



|| v'(t) - v'ih) || < || w II + II (U(t - tx) - 1) v\tx) 
<\\ w \\ + \t-tx\ {p ' /2)M \\u p ' A2 v\tx)\\ . 



(3.41) 



Collecting (13T391 (I3T4T]) yields (JH3D for £, £ x G /. 

We now exploit (13.11) and (13.41) in / to complete the proof of the proposition. 
From ([3ID it follows that v' G L°°(I, H p '). From ((31]) and it then follows that 
v' has a limit f'(O) in L 2 and that (13 .4p holds for t, tx € [0,T]. It then follows by a 
standard abstract argument that v'(0) G H p \ that G C w ([0, T], H p ')(~)C([0, T],H a ) 
for < a < p', and that (EH]) holds for all t G [0, T], ti G /. 



We have not proved so far that v' G C([0,T], H p '). This is true but requires a 
separate argument. 

Proposition 3.3. Under the assumptions of Proposition 3.2, v' G C([0, T], H p ) and 
/ TO]) holds for allt, tx G [0, T] . 

The proof is identical with that of Proposition 3.3 of [1]. 

We can now state the main result on the Cauchy problem for the linearized 
equation (11.23p . 

Proposition 3.4. Let 1 - 7/2 < p < n/2. Let I = (0,T] and let v G L°°(I,H P ) n 
C([0,T], L 2 ) with v(0) = vq. Let s = V<p with tp defined by /11.18\) . Let v satisfy 
the equation Ii2.12]) in I for some real V G L^ C (I, L°°). Let 1/2 < p' < n/2 and let 
v' G H p . Let t Q G [0,T]. Then there exists a unique solution v 1 G C([0, T], H p ) of 
the equation $1.23\) with v'(0) = v' . Furthermore v' satisfies the estimates $3. 1\) and 
\3.4\) for all t, tx G [0, T\. The solution is actually unique in C([0,T],L 2 ). 



□ 
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Proof. For t > 0, the result follows from Propositions 3.1, 3.2 and 3.3. For t = 0, 
it will be proved by a limiting procedure on t . For any ti G /, let v' t be the 
solution of (I1.23P with v' t (ti) = v' Q given by Propositions 3.1 and 3.2. Let now 
< h < t 2 < T. It follows from (J3H]) that 

\\io p 'v' u (t)\\< E(\t-U\)\\^'v f Q \\ (3.42) 

for i = 1,2 and for all t G [0, T\. Furthermore, from f)3.4p and (13.421) and from 
L 2 -norm conservation, it follows that 

II <{t) - v' tl (t) || = || v'^ih) - V ' 1| = || i4(* x ) - i/ to (t 2 ) || 

< C | t2 _ tl |(p'/2)A(2 7 -l) (1 + a 2 )2 || v , q . hP < || (3 _ 43) 

From (13.431) it follows that v' t converges in L°°(I, L 2 )-norm to some v' G C([0, T], L 2 ) 
when ti — > 0. From the uniform estimate (13.421) it follows by abstract arguments 
that v' e (C w n L°°)([0,T],^') n C([0,T],iJ ,J ) for < a < p', that v' satisfies the 
estimates of Proposition 3.2 and that v'(0) = v' . Furthermore v' is easily seen to 
satisfy (11. 23ft in /, so that v' G C(I,H P '). It remains to be proved that actually v' 
is strongly continuous in H p ' at t — 0. This follows from Proposition 3.3, which has 
not been used so far. Alternatively it follows from the estimate (13.421) with ti = 
that 

lira sup || u p 'v'{t) \\ < \\ tu p 'v' \\ E(0) = \\ tu p 'v'(0) \\ 
which together with weak continuity implies strong continuity at t — 0. 

□ 

Remark 3.3. Note that in the case where to = 0, Proposition 3.3 is not needed for 
the proof of Proposition 3.4. 

4 The nonlinear Cauchy problem at time zero for 
v and u c 

In this section we prove that the nonlinear equation (11.211) for v with initial 
data at time to has a unique solution in a small time interval. We then rewrite that 
result in terms of u c , related to v by ( 11.121) . and we give some additional bounds 
and regularity properties for u c . In order to solve the equation (ll.2ip for v , we show 
that the map r : v — > v' defined by Proposition 3.4 with i = is a contraction. For 
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that purpose, we need to estimate the difference of two solutions of the linearized 
equation (ll.23p . For any pair of functions or operators (f%, / 2 ), we define 

f ± = (1/2) (f 2 ± A) . 



Lemma 4.1. Let 1 — 7/2 < p < n/2. Let I = (0,T] and let Vi, i = 1,2 satisfy 
the assumptions of Proposition 3.4 with Vi(0) = vq. Let 1/2 < p' < n/2 and let v[, 
i = 1,2 be the solutions of the equation U.23\) with fj'(O) = v ' G H p ' obtained in 
Proposition 3.4- Then the following estimate holds for all t, < t < T : 

\\v'_;L°°{{0,t},H p ') || < C E(t,a)aa' (t Xl +a 2 t 2Xo ~ x ) || L°°((0, t], H p ) \\ 

(4.1) 

where E(t, a) is defined by h3.2\) and 

a = Max || Vi;L°°(I,H p ) || , a' = Max || v'- L°°(I , H p ') \\ . (4.2) 
Proof. From (jl.23p we obtain 

id t v '_ = L 2 v '_ + L_ v[ 
where Li = L(vi), gi = g(vi), so that 

L = f'- 2 g- . 

We estimate for < a < p' 

3 t || u a v'_ || 2 = 2 Im(< uV,/!/ > + < wV-jW'-L-u'i >) ■ (4.3) 

By the estimates in the proof of Proposition 3.2 (see in particular (13.11) ; see also 
Remark 3.1), we obtain 

II u'v'Jt) || < E(t,a) tdt' t n ~ 2 || wY v'Jt') || . (4.4) 

Jo 

We next estimate 

II ^9- v[ || < C || u n/2±0 g^ || || u a v[ || , (4.5) 
II uj n/2± °9s- || < C t p ^ /2 || w p v- || || u p v+ || . (4.6) 

In order to estimate gi-, we use again Lemmas 2.6 and 2.7. From the conservation 
law (I2.16P and from the fact that f-(0) = we obtain (see (I2.2ip ) 

(|«(t)| 2 )_ = y 1 _(0,t) + ^-(0,t) (4.7) 
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where (see f[2TTTj) fl2~T8|) ) 

Vi(0,t) = - f dt' Im (v+Av _ + w_ Aw + ) (i') , 
•/ o 

V 2 _(0,t) = / dt' V • (2s Re U+t>_) ft') . 
•/ o 

By the same estimates as in Lemma 2.6, we obtain 

|| ^-a-^y^o,*) || < c f u * v+ || || U ' V _ ||) (t') (4. 8 ) 



for 1/2 < a < p A (1 + n/4), 

w 2,T - 1 - n/ V 2 _(0,t) || < cj*dt'((\\ s IU + || co n/2 s H) || wVh || || uA;_ ||) (*') 



(4.9) 

for < a < p. In the same way as in Proposition 3.2 (see especially f|3.12p ). we 
obtain 

t n - 2 || vj || < C ad (t /Al_1 + a 2 t ,2Ao " 2 ) || v_; L°°((0, i'], H p ) \\ . (4.10) 

Substituting (HOOD into (03]) yields (Oil . 

□ 

We can now state the main result on the Cauchy problem at time zero for the 
equation (jl.2ip . 

Proposition 4.1. Let 1 — 7/2 < p < n/2, let t> G H p and define cp by 111. 18}) . 

Then there exists T > and there exists a unique solution v G C([0,T], H p ) of the 
equation 111.21}) with v(0) = t>o. One can ensure that 

|| v,L°°([0,T],H p ) || < i? = 2 || Vo ;# p || (4.11) 
C R 2 (T Al + R^T 2 ^- 1 ) = 1 (4.12) 

/or some C independent of vq . 

Proof. Let T > 0. Let F{T,v ) be the set of d G C([0,T],F") such that v(0) = v 
and satisfying the equation fT2TT2l in (0,T] for some real V G L^ c ((0, T], It 
follows from Proposition 3.4 that F(T, vq) is stable under the map r : v — > v ' defined 
by that proposition with to = and v' = vq. In fact, v' satisfies the equation (12. 12ft 
with 

V = F- 2 g(v)-d t veL% c ((0,T},L»°) . 
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Let B(R) be the ball of radius R in C([0, T], H p ). From Proposition 3.2 it follows 
that B(R) fl F(T,v ) is stable under T if 



E(T,R)<2 (4.13) 

with R = 2 || vq]H p II . Furthermore by Lemma 4.1, T is a contraction in the 
L°°([0,T}), H p )-norm on that set under the condition (14. 12p for a suitable C. Such 
a condition at the same time implies (14. 13ft . Therefore for T sufficiently small to 
satisfy (I4.12p . the map Y has a unique fixed point in B(R) provided F(T, vo) is non 
empty. That set is not empty because it contains the solution of the linear equation 
(I2.12p with v (0) = v and V = 0, obtained by a simplified version of Proposition 
3.4. Clearly the fixed point v satisfies the equation (jl.2ip and therefore belongs to 
F(T,v ). 

□ 

We finally translate the main result of Proposition 4.1 in terms of u c and we 
derive additional bounds and regularity properties for u c . 

Proposition 4.2. Let 1 — 7/2 < p < n/2, let vq G H p and define ip by l\1.18\) . 

Then there exists T > and there exists a unique solution u c G C([0,T], H p ) of 
the equation U.ll\) such that v defined by hi. 12^ satisfies the equation U.21\) with 
v(0) = vq. Furthermore u c satisfies the estimate 

|| u c (t); H p || < C a (l + al f' 1 ) 1+W (4.14) 

for all t G (0, T], where [p] is the integral part of p and 

a = || v ; H p || . 

Proof. The first statement follows from Proposition 4.1, except for the continuity 
of u c . We first prove the estimate (I4.14p . By Lemmas 2.1 and 2.2 we estimate 

|| tu p exp(-itp)v) || < C (l + || tu p (exp(-i(p) - 1) \\ n/p ) || cu p v \\ . (4.15) 

It follows from Lemma 2.5 that for < p < n/2 

|| u p (exp(-iip) - 1) \\ n/p < C || exp(-iip) - l]B p n/p 2 \\ 

< c\\^K /Pi2 \\ (l + ll^^ooll) 1 " 1 

< C\\u n l 2 ip\\ (l + ||o;"/V||) W • (4.16) 
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Using ( 11.18)) and Lemma 2.3, we estimate 

II w n/ V II < C f'- 1 || oo^ /2 v || 2 < C a 2 Q t 7 " 1 (4.17) 

which together with (I4.15P and (I4.16P implies (I4.14p . 

It remains to prove the continuity in time of u c in H p . For that purpose it 
suffices to show that the multiplication by exp(— iip) is strongly continuous in t as 
an operator in H p . Now for fixed v and to 

|| (exp(-i<p(t)) - exp(-i<p(t ))) v; H p \\ 

< C (j| Sip + || u n/2 Sp || (l + || u n/2 Sp ||) [P1 ) || exp{-t<p{t ))v; H p || 

(4.18) 

where Sp = <p(t) — <p(to) and it suffices to prove that p(t) is a continuous function 
of t in L°° n H n l 2 . This follows immediately from estimates similar to (I4.17p . 

□ 

5 Continuity with respect to initial data 

In this section we prove that the map vq — > v defined by Proposition 4.1 is 
continuous in the natural norms and that the map vq — > u c defined by Proposi- 
tion 4.2 satisfies similar continuity properties. As mentioned in the introduction, 
the proof of those properties given here requires the additional condition p > 3/4, 
which is stronger than the condition p > 1 — 7/2 for 7 > 1/2. We need to esti- 
mate the difference of two solutions of the linearized equation (I1.23P corresponding 
to two functions v± and v 2 not necessarily satisfying the condition fi(0) = f2(0). 
The following lemma is an extension of Lemma 4.1 where we drop that condition. 
Furthermore we assume for simplicity that p' = p. 

Lemma 5.1. Let 3/4 < p < n/2. Let I = (0,T] and let Vi, i = 1,2, satisfy 
the assumptions of Proposition 3.4 with fj(0) = G H p . Let v[, i = 1,2 be the 
solutions of the equation $1.23]) with f^O) = v' 0i G H p obtained in Proposition 3.4- 
Let 0<cr<p — 1/2 with p + a > 1. Define 

y = y(t) = || u a v4t) f + || v-(t) f w || u_(t); H a f 

y' = y'(t) = || u a v'_(t) || 2 + || v'_(t) || 2 w || v'_(t); \\ 2 
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and y = y(0). Then the following estimate holds 

\d t y'\ < C t"^ {a 2 y' + aa'Yo' 2 + aa'y' 1/2 (y'J 2 + y 1 ' 2 + r 1 jf* dt' y"\t' 
+ C t 2X °- 2 Uy' + a 3 a'y' 1/2 ( y l /2 + t~ x ° J* dt' i' Ao ~y /2 (t'))) (5.1) 

for all t e I, where Xq, Ai are defined by A2.10\) , and a, a' are defined by 



Proof. In the same way as in the proof of Lemma 4.1, we obtain from (I1.23P 

id t v'_ = L 2 v'_ + L_ v[ (5.2) 

where Lj = L(vi), 

L_ =i s_- V + (i/2)(V-s_) + /_ (5.3) 
and / is defined by (13. 6p . We estimate for < cr < p 

d t || wV f = 2 Im(< uV.wV > + < uV.^Lo; >) . (5.4) 



We estimate the first scalar product in (15.41) as in the proof of Proposition 3.2 namely 
(see (J3H d3HD). 



< w a v_,w a Lrf_ > < N(t) || Lu a v 



.cj n J ||2 



(5.5) 



We next estimate the second scalar product in (15 .4p and we estimate the contribution 
of the various terms of (I5.3P successively. We first estimate the contribution of s_- V, 
namely 



M 



(5.6) 



We consider separately the cases a > p — 1 and a < p — 1. For a > p — 1, we 
estimate 



M < C || u 2a+1 - p v'_ | 
by Lemma 2.2. We next try to estimate 



I i II , ,n/2 
loo + \\ UJ S. 



(5.7) 



+ || w"/ 2 s 



< (7 t 7_1 II w 1+7 - n/2±e 



Xl\v \ 



< C t^ 1 || lo P2± v 0+ || || w ff2 w - 
by Lemma 2.3, where |t>o| 2 = (|t>o| 2 )-, with 

< P2± < p , < a 2 < a , p 2 ± + cr 2 = l + 7±£, 



(51 



(5.9) 
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which implies cr 2 < 1 + 7 — e. We choose cr 2 = & A (1 + 7 — e). 

If cr > 1 + 7 — e, then <r 2 = 1 + 7 — e and p 2 ± = £ ± e < p. 

If cr < 1 + 7 — e, then cr 2 = cr and p 2 ± — 1 + 7 — cr ±e, which satisfies p 2 ± < P for 
p + a > I + 7. For p + a < 1 + 7, we use the cut off xl to replace p 2 ± by p, so that 



uj n ' 2 s 



< C f7-l-(l/2)[l+7-p-«T] + || Vo+; iJP || 

x || w ffA ( 1+ T- 6 )«o_ || . (5.10) 

Now a > p — 1 implies I + 7 — p — cr<2 + 7 — 2p. Substituting (I5.10p into (15. 7ft 
then yields 

M < C t x '- l aa' || cu 2r7+l - p v'_ \\ \\ u/^+^V || • (5.11) 

The first norm in (15. lip is controlled by the H p norm of v'_ only ifcr<p — 1/2, and 
that is the origin of that condition, which is otherwise not used to derive (15.111) . 

We next estimate M in the case where a < p — 1 which we rewrite as a < p—l—e. 
We estimate 

M < C || U) a v'_ || || u n/2 - pl+1+a s^ || || u pl v[ || (5.12) 

by Lemma 2.3 for 

0<cr<pi-l-e. (5.13) 

We next try to estimate 

|| w n/2-p 1 + l+a s _ || = (j t j-l || || 

< C t 1 - 1 || UJ P2 V 0+ || || UJ a2 V - || (5.14) 

by Lemma 2.3 again, with 

< Pi, P2 < p , < ct 2 < a , p 2 + a 2 = 2 + 7 - pi + a (5.15) 

which together with (I5.13p . implies cr 2 < I+7— e. We choose again <r 2 = crA(l+7— e). 

If cr > 1 + 7 — e, then cr 2 = 1 + 7 — e and pi + p 2 = 1 + a + e. We choose p 2 = 
and p\ = 1 + cr + e, so that p 2 < pi < p. 

If a < 1 + 7 — e, then cr 2 = a and pi + p 2 = 2 + 7. We choose 

p 1 = (l+7/2)V(l + cr + £) 

(5.16) 

p 2 = (1 + 7/2) A (1 + 7 - a - e) 
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which implies p 2 < pi < p and therefore ensures (I5.14p . except in the case where 
cr < 7/2 — e and p < 1 + 7/2. In that case, we use the cut off \l to replace pi and 
p2 by p, so that 



< ct 



A1-1 



(5.17) 



Substituting ( I5.14p or (I5.17P into (I5.12p . together with (15. lip , yields the estimate 



M < C t x ^ l aa' II w »v(2a+i- P ) v /_ 



wCT A(l +7 - £ ) Uo _ 



(5.18) 



for < cr < p. 

We next turn to the remaining terms from (I5.3p . They take the form 

< u v v'_,u a F v[ > 
for some function F and are estimated as 



< C || u°v' 



by Lemma 2.3, for some p±, < p\ < p, with 

< o < pi - e 



n/2—pi+ap 



UJ P1 V 



(5.19) 



(5.20) 



We now estimate the middle norm in the RHS of (I5.19P for the relevant choices of 
F and suitable choices of pi. 

We first consider the contribution of V • s_. We try to estimate 



u n/2-p 1 +* V S_ || < C t 7 " 1 

< Of'" 1 



LU 2+ 1 -p 1 +a-n/2 ^j^j 



u p2 v 0+ 



(5.21) 



with pi, p 2 , o"2 satisfying f|5.20p (I5.15p . which imply cr 2 < 2 + 7 — e. We choose 
o 2 = a A (2 + 7 -e). 

If cr > 2 + 7 — e, we choose pi = cr + e and p 2 = 0. 

If cr < 2 + 7 — £, so that 02 = cr, we choose 

' Pl = (1 + 7/2) V (a + e) 

(5.22) 

^ p 2 = (l + 7/2)A(2 + 7 -a-£) 

which ensures f)5.20p f)5.15p and f )5.2ip for p > 1 + 7/2. For p < 1 + 7/2, we use the 
cut off xl to replace p 1 and p 2 by p, so that finally 



UJ 



n/2-pi+cr y _ 



< C t x ^a || u/^+^V 



(5.23) 
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We next consider the contribution of the various terms of /_, where / is defined 
by (13.61) . We first consider the contribution of |s|i(= (|s| 2 )_). We estimate 

|| u n/2- Pl +a^ || < c || U n/2±Q S+ || || UJ n/2- Pl +* s _ || 

by Lemma 2.2. The first norm in the RHS is estimated by (12. 9ft . We try to estimate 
the second norm by 

|| u n/2-p 1+ a s _ || < q || w l+ 7 -p 1+CT -n/2 Xl \ Vq \2_ || 

< C t 1 - 1 || U P2 V 0+ || || UJ a2 Vo- || (5.25) 

with pi, p 2 , cr 2 satisfying (15.201) and 

< pi, P2 < P , < cr 2 < a , p 2 + a 2 = 1 + 7 - Pi + <r (5.26) 

which imply <r 2 < 1 + 7 — e. We choose <r 2 = cr A (1 + 7 — e). 
If a > 1 + 7 — e, we choose pi = a + e and p 2 = 0. 
If a < 1 + 7 — e, so that a 2 = a, we choose 

Pl = (i + 7 )/2V(«r + e) 

(5.27) 

p 2 = (l+7)/2A(l + 7-(7-e) 

which ensures flB^o]) and flo^oD for p > (1 + 7 )/2. For p < (1 + 7 )/2, we use 

the cut-off xl to replace p\ and p 2 by p so that finally 

|| uj n/2-p 1 +* s _ || < ^ t A„-l fl || w -A(l+ 7 - £ ) Wo _ || ^ 2g ) 

and 

|| w „/2-p 1+CT | s |2_ || < ^ t 2A -2 fl 3 || w ^A(l-hr- e ) Vo _ || _ (5 39) 

We next estimate the contribution of to /_ by 

t J-2 || w „/ 2 -p+^ 5 _ || = c t7 _2 II X5 | w |2 || 

< C t^ 2 +^/ 2 II u/ u+ || || w <^_ || 

< C t Xl - l a || || (5.30) 

for pi = p > 7/2. 
Similarly 

|| ^n/2-p+a (fl-ig L ^_ _ 9 t( p_) || < C t^-ifl || U a V - || . (5.31) 
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We next consider the contribution of (<7l(i>)— <7z(i>o))- to /_. We want to estimate 
J = t^ 2 \\cj^ 2 -^(g L (v)-g L (v ))_\\ 

= f 1 - 2 || w 7-Pi+<r-»/2 ^ ^|2 _ | Vq |2 ^ || _ (5 _ 32) 

From the conservation law (I2.16p . we obtain 

M 2 " M 2 = V\- + V 2 - + (5.33) 

where 

Vl- = - f dt' Im (U + Aw_ + F_Aw + ) (t') (5.34) 
Jo 

V 2 _ = V • J dt' (s+\v\ 2 _) {t 1 ) (5.35) 

= V • jf dt' (s-|^|+) (0 . (5.36) 

We first consider the contribution of V\-. By the same estimates as in Lemma 2.6, 
we obtain 

|| wP2+ff2 _ 2 _ n/2 || < ^ ft || ^ || || || ,^ , g ^ 

JO 

for < p 2 , u 2 < n/2, 1 < p 2 + cr 2 < 2 + n/2. We try to estimate 

tff-2 || ^-px+a-n/2 ^ || < ^ p-2 ^^(ll ^ || || w a 2 ^_ ||) ^gg) 

JO 

with pi, p 2 , o"2 satisfying (I5.20p (15.151) and p 2 + cr 2 > 1. We proceed as for the 
estimate of the contribution of V • s_ (see (15.211) ( 15.23(1 ) and we obtain finally 

f /-2 || || < £ t A 1 -2 fl /"* ^/ || w <M(2+ 7 - £ ) /^X || _ (539) 

JO 

The condition p 2 + a 2 > 1 is ensured provided p + a > 1. 

We shall also need an estimate of || i>^_ ||. In all terms but Vi_ this is done by 
taking cr = in the available estimate. Doing so for V\- would require the stronger 
condition p > 1. We shall instead estimate the corresponding norm of V\- in terms 
of the norm || w <J2 f_ || for the previous choice of a 2 , thereby obtaining 

t 7-2 || w 7-Pi-n/2 ^ ^_ || < ^ f A 1 -2 fl /"* ^/ || u ^+l^) v ( t ') II ( 5 . 40 ) 

JO 

by a similar computation. 
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We next consider the contribution of V2-. We try to estimate 

< t^ 2 J*dt' || tu l+ ^ +r7 - n/2 XL (t) (s + \v\ 2 _) (f) II 

< C V~ 2 fdt' ((|| s + IU + II u n ' 2 s + II) II <J»v + || || u^v„ ||) (f) 



(5.41) 

with p 1; p 2 , °"2 satisfying (15.201) (15.261) . We estimate the norms of s + by (12.91) and 
we proceed for the remaining norms as for the estimate of s_ (see (I5.25I) - (I5.28I) ). 
thereby obtaining finally 

£ 7-2 || u -r-Pi+^/ 2 XL V 2 _ || 

< C t x °~ 2 a 3 f dt' t^ 1 || u aA ^- £) v_(f) || . (5.42) 







We next consider the contribution of V3-. We estimate 

ff-2 || ^ || 

< f~ 2 jf*df II co l+ ^- pl+a - n/2 xdt) (s-\v\l) (0 II ■ (5-43) 
For p > (1 + 7)/2, we estimate the last norm by 

II ■ II < Ct'^- 1 || uj^-^MI II II uj n/2 -^ + °s_ || 



< C t'^ 1 II u; (1+7)/ V f II u P2 v Q+ || || u; ctA ^- £ V (I (5.44) 

by Lemma 2.3 and by (15.251) with the choice (15.27ft of pi, p%. For p < (1 + 7)/2, we 
take pi = p and we use the cut off xl twice to estimate 

f~ 2 || U 1+ ^- n / 2 XL® (S-\V\1) (f) II 

< Ct x °- 2 II u p+a ~ n ' 2 (s4v\ 2 + ) {t') II 

< Ct x °- 2 II w^- n />|^ II II u^-p+^s-it') II 

< C t A() - 2 t* ' 1 II || 2 II u p+u - n ' 2 \v \ 2 _ II 

< C t x °- 2 t ,Ao_1 II || 2 II u p v 0+ II II w ff w _ II (5.45) 

by repeated use of Lemma 2.3. Substituting (15.441) or (I5.45P into (I5.43P and inte- 
grating over time yields 

f 7-2 || ^ y 3 _ || < ^ t 2A -2 fl 3 || w <tA(1+ 7 - £ ) Vq _ || _ (g^g) 
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We substitute fl5^3|) f CT|) ( l5T3Q|) fICTD fCTD fl5^2|) f[5T46]) into f l5U9|) and substi- 
tute the result as well as (15. 5 p and (I5.18P into (15. 4p . thereby obtaining 



d t || wV(t) || 2 | < N(t) || || 2 
+ C aa' t Al - x ( || tu^(2*+i- P ) v ,_ || || 

( || cu^ 2+ ^- v - || + || tu°v 

dt' || u aA ^~ v„(t') || )) 



+ II wV 



w aA(l+ 7 )_ ^ 



+ oo a v. 



+ C aV t 2X °- 2 



u a v' 



wCT A(l+ 7 )_ Vq _ 



+ t~ 



dt' t'^' 1 || u aA{1+ ^- V-tf) || ) 



(5.47) 



where (j + 7)- = (j + 7 — s) for j = 1,2. Together with the similar estimate for 
a = (see however the discussion after (I5.39P ). with (13. 14}) and the fact that the 
second norm of v'_ in the RHS is bounded by a' for o < p — 1/2, this yields (15. ip . 

□ 



Remark 5.1. All the estimates leading to (I5.47P hold for < a < p except for the 
estimate of V\- which requires p + a > 1. On the other hand the estimate (I5.18P 
coming from the transport term s_ • V can be used only for o < p — 1/2. Those two 
conditions force the restriction p > 3/4. 

We can now state the continuity properties of the map Vq — > v defined in Propo- 
sition 4.1. 



Proposition 5.1. Let 3/4 < p < n/2. Let R > and let T be defined by M-12\) . 
Let B (R/2) be the ball of radius R/2 in H p . 

(1) Let 1 —p < a < p and a > 0. Then the map Vo — > v defined by Proposition J^.l 
is continuous from EC 7 to L°°((0, T], H a ) uniformly for t> £ B (R/2). Furthermore, 
for 1 — p < o~ < p — 1/2 and for two solutions v-i, i = 1,2 of the equation U.21\) with 
Vi(0) = v io G Bq(R/2) as obtained in that proposition, the following estimate holds 
for allte (0,T] 

II v-(t); H° || 2 <(l + C t A exp (Ct x )) (y + C t x (y + y^ 2 )) (5.48) 
where A = A x A (2A — 1) and y = || t> -; H a \\ 2 . 
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1/2 

1/2 



For p—l/2<a<p, a similar estimate can be obtained by interpolation between 
( |5.^<S| ) with a = p — 1/2 and boundedness in H p . 

(2) The map Vq — > v defined by Proposition J^.l is (pointwise) continuous from 
HP to L°°((0,T],iP) forv G B (R/2). 

Proof. Part (1). Let V{, i = 1, 2, be two solutions of the equation (jl.2ip as defined 
above. Then (15.1 p with y' — y and a' = a yields 

\da\ < CS-^y + y^y^ + y^ + y^t-iJ^dt'y^it') 

+ y 1/2 t' Xo jf* dt't'^y 1 ' 2 ^')) . (5.49) 

(The constant C depends on a through a factor (a 2 + a 4 )). Using the inequalities 
r 1 J* dt'y 1/2 (t f ) < (t~ l [dtW)) 

r A ° jfVt^-y/v) < fexo-iy't- 1 J*dt' y (t')J 

yields 

\d t y\ < C t x ~ l (r] + y + A" 1 r 1 J* dt'y{t')^ (5.50) 
where f] = y + y . Integration of (15.501) over time yields 

y < yo + c (t x v + z) (5.51) 

where the new constant C now depends on A, we have used the fact that < A < 1, 
and 

z = f dt! t' X ^y(t') (5.52) 
Jo 

so that 

d t z < t x ~ x y + C (t 2 ^ 1 r] + t x ~ l z) . (5.53) 

Integrating (15.531) and substituting the result into (I5.5ip yields (15.481) from which 
Part (1) follows. 

Part (2). The proof is identical with that of Part (2) of Proposition 5.1 in |4]. 

□ 
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We finally prove the continuity of the map Vq — > u c that follows from Proposition 

5.1. 



Proposition 5.2. Let 3/4 < p < n/2. Let R > and let T be defined by M-lty . 
Let Bq(R/2) be the ball of radius R/2 in H p . Then the map vq — > u c defined by 
Proposition 4-2 is continuous from H p to L°°([ti, T], H p ) for vq G Bq(R/2) and for 
any t x , < t x < T . 

Proof. By Proposition 5.1, part (2) and (I1.12p . it suffices to prove that the mul- 
tiplication by exp(— zip) is strongly continuous from t> G H p as an operator in 
L°°([ti, T], H p ). Let v oi G H p , i = 1,2 and let <fi be the associated phases defined 
by ffTT8|) . For fixed v G L°°([ti,T], H p ) and for all t G [ti,T], we estimate 

|| (exp(-2y? 2 ) - exp(-z<^i)) v ; H p \\ < 

C (j| 5 V + || u n/2 5 V || (l+ || u n/2 5 V || exp(-i(pi)v;H p \\ 

where 5(p = if2 — (fii and it suffices to prove that <p is a continuous function of Vo 
in L°°([ti, T], L°° fl H n / 2 ). This follows from the fact that (p is quadratic in vo and 
from estimates similar to (I4.17p . 

□ 



Appendix Al 

In this appendix, we prove a slightly more general version of Lemma 2.4 where we 
drop the requirement that the estimating spaces are homogeneous under dilations. 
This extension would be useful to treat the main problem of this paper in spaces 
H p with p>n/2. 

We introduce the usual notation for the standard Paley-Littlewood decomposi- 
tion. We use the notation / for the Fourier transform of /. Let ipo £ C^(LR n , LR + ), 
MO = 1 for |f | < 1, = for |f | > 2. We define 0„(O = MO " M^C), 

V'iCO = , 0o(2 - -'C) an d <Pj(0 = ^o(2 _ - J '0 for all j G Z. For any positive integer u, we 
define 




\j-k\<v 

The superscript v will be omitted for v — 1. For any u G 5', we define = (fj*u, 
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= (p^ *u and Sj(u) = ipj *u. We shall repeatedly use the estimates 

|| U X uf ] \\ r < || U> X <pf +1) 111 || uf ] \\ r = ^ || U> X $ +1) ||! || uf \\ r (Al.l) 

which holds for all A G JR and 1 < r < oo, and 

|| U X Sj(u) \\ r < || ||i || U \\ r = 2 Xj || ||l || « ||r ( Al - 2 ) 

which holds for all A > and 1 < r < oo. 

We shall use the following elementary lemma. 

Lemma Al.l. Let 

M = J d£ drj /(£, rj) u(£) v(rj) m(f - 77) . 

Then 

\M\ < || / ||i || u \\ ri || v \\ n || m \\ ro (A1.3) 
for 1 < Ti < 00, ^l/ r i = 1. 

Proof. By the definition of the Fourier transform 

M = dx dy f(x, y) \ dz u(—x — z) v(—y + z) m(z) 



so that 

|M| < / dx dy\f(x, y)\ Sup / dz u(—x — z)v{—y + z)m(z) 

J x,y J 

from which (A1.3) follows by the Holder inequality. 

□ 

We want to estimate < P\U, [cu A ,m]P 2 'W > which up to inessential complex con- 
jugation reduces to 

M = Jd^d V (P^XO (P 2 v)( V ) m{i -v){\i\ X - \v\ X ) 

= £ / d£ d^PSM) (P2Vk)(v) m e (t -V)(\Z\ X - \V\ X ) (A1.4) 

by introducing the Paley-Littlewood decompositions of u, v, m. 
The basic estimate is the following lemma. 
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Lemma A 1.2. Let A > and let P 1; P 2 satisfy the assumptions of Lemma 2.4- 
Then M can be decomposed as a sum 

M .I/, • M 2 • M 3 • M 4 (A1.5) 

where the Mi 's satisfy the following estimates 

m\ + |M 3 | < C || «; P> 2 || || u || r2 || m; sg^" || (A1.6) 

|M 2 | + |M 3 | < C || u || n || u; 4 2 M 2 II II m; B^ || (A1.7) 

|M 4 | < C || u;^" 5 || || v-B^~ v) || || ^Vm || n , (A1.8) 

where \i = A + a\ + a 2 ; 0<i/<1, l<r,< oo ; Y^l/r^ = 1 and 9 e iR. XTie 
parameters r\ and 6 can be chosen independently in the estimates (A1.6)-(A1.8). 

Proof. The decomposition (Al.5) is obtained by splitting the sum in (Al.4) into 
four regions. 

Region 1. That region is defined by the condition k < j — 3, so that 

2 3 ~ 2 < \Z\ - \v\ < \Z - v\ < \Z\ + \v\ < * +2 
and therefore \j — £\ < 2. We obtain 

M x = Wdf dv(PiuM) (SjJ&iv))^) \V\ X ) • (AO) 

3 

The contribution of |£| A is estimated by (Al.l) (Al.2) and the homogeneity of P±, 
P 2 as 



|M ie | < ]T || o; A P 1% || ri || Sj. 3 (P 2 v) \\ n || mf 



< || u x P^ Id ||P 2 ^ IliE 2 ^ 



j IIT-O 



1 1 "ti o" 1 1 r*i II V 1 1 To II TTX A 



3 I In II u \\T2 II ""j llm 
3 



< C\\u; Bll 2 || || v \\ r2 || to; B^ \\ . (ALIO) 
The contribution of |?7| A is estimated as 



\M ln \ < ]T II A«j || ri II uAS^Pav) \\ r2 || m (2) 



j lln> 



Ui o 1 1 T i II ^ II To 1 1 i' 



< || Px^o ||i || u/P#0 ||lE 2 " '" 3)+3 ° N "/ lln I! ■ II- II <»j lln, 
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and is therefore estimated by the last member of (ALIO). This proves the estimate 
(A1.6) for Mi. 



Region 2. That region is defined by the condition j < k — 3. The estimate of M 2 is 
then obtained from that of M\ by exchanging Pi with P 2 and u with v. This proves 
the estimate (Al.7) for M 2 . 

The remaining region \j — k\ < 2 is split again into two regions 3 and 4. The 
important term is M4 for which the commutator produces a cancellation, and the 
estimate of M 4 requires that r£ + (1 — t)i] stays away from zero for < r < 1. The 
harmless term M 3 takes care of the situation where that condition is not satisfied. 

Region 3. That region is defined by the conditions \j — k\ < 2 and £ > j — 4. The 
first condition implies that £ < j + 4 so that \£ — j\ < 4 and therefore 

M 3 = £ /> *7 (^ifiiXO tfrff - 17) (K| A - M A ) • (Al.ll) 

We estimate M 3 by 

|M 3 | < (|| w A Pi^o Ik II prf 111 + II Pm Ik II w A ^2# 111) 

X 2 W (I Itj || ri || Vj ^ \\ r2 || 171 j ^ \\ ro 
j 

< c ((II II II II) a (|| «;<«, || || ll)) II ™;< 2 ^ II 

(A1.12) 

from which the estimates (A1.6) and (Al.7) for M 3 follow. 

Region 4. That region is defined by the conditions \j — k\ < 2 and £ < j — 5, so 
that 

M 4 = £ / di drjiP^m (P4 2) )(v) (Sj^mM ~ v) (l£| A - M A ) ■ (A1.13) 

3 

We rewrite 



I A— 2 



K| A - = A ^ dr(Z - V ) • (rf + (1 - r)^) |r£ + (1 - r)^ 
Jo 

so that 

M A = J2jd^d V f^rj) (Pi%)(0 (P^f)^) (VfiQm))(£ - 17) (A1.14) 
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where 

/••(£, 77) = -iX f dr ftg) <p?\ri)$j-i(Z - v)(t£ + (1 - r» |r£ + (1 - r)^ 2 . 

^ 

(A1.15) 

On the support of fj, we have 

<2 j - 3 < 1^1/2 

so that 

|t£ + (1-t)i7|>|£|-K-»7|>KI/2 

and therefore /j G C^°. We then estimate by Lemma Al.l and the fact that fj is 
homogeneous of degree A — 1 



\M 4 \ < II fj 111 II PlUj || n || P 2 ^ lira 



(2) 



S , i _ 5 (Vm) 



I r o 



< || f ||i || P^ || j || Prf || ! || a; 1 -^ II i ^2^' 



from which the estimate (Al.8) follows. 



II II ~( 2 ) II II !/-lV7 II 
U J II n II w j II r 2 II w Vm || ro 



(A1.16) 



□ 



Remark Al.l. The only assumptions needed on Pi, P 2 beyond homogeneity are 
the fact that Pifo, Co> A Pv?o, Pt/>o and uj x PiipQ all belong to L 1 . If the p's are 
smooth outside of the origin, this is obvious for <p , and follows from the dyadic 
decomposition of ipQ if ai > 0. The assumptions made in Lemma 2.4 are trivially 
sufficient. 

We now derive a slightly more general lemma than Lemma 2.4. 



Lemma A1.3. Let A > and let Pi, i — 1,2, satisfy the assumptions of Lemma 
2.4- Then the estimate A2.5\) holds with 

' %i) =fi + n/2- (ao + 5(r ) + a 2 + S(r 2 )) 



8{q 2 ) = /I + n/2 - ((x + 8{r ) +a 1 + 5{n)) 

, %o) = - v + n/2 - (<n + 5(n) + (T 2 + (J(r 2 )) 
under the conditions < i/ < 1, 1 < 7*j ; ^ < oo and 

o"o + ( ff i A cr 2 ) > ^ 

< 

(Ti + (T 2 > /i - ^ 
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(A1.17) 



(A1.18) 



where /i = A + cti + a 2 and 5(r) = n/2 — n/r for 1 < r < oo. 

Proof. We rewrite the basic estimates (Al.6)-(A1.8) with a slightly different nota- 
tion, namely 

\M X \ + |M 3 | < C || u;B^ 2 || || v \\ q2 || m;B^ 2 || (A1.19) 
|M 2 | + |M 3 | < C || u \\ qi || v;B£ 2 \\ \\ m;B$ >2 || (A1.20) 
|M 4 | < C || u;B£ 2 I) || v;B% 2 \\ || ^Vm || go (A1.21) 
under the conditions 1 < s^, 4 <?i < oo, 

Aii + A^o = A^ + A^o = A* 

(A1.22) 

k Mi + a4 = fJ> - 27 

and the Holder condition 

+ V<72 + l/s = + l/s 2 + 1/4 = 1/4 + 1/4 + l/g = 1 • (A1.23) 

We want to choose the parameters /ij, /4, Sj, 4 in such a way that the B norms 
in (A1.19)-(A1.21) are controlled by the corresponding norms B in (12. 5 j) through 
Sobolev inequalities. This holds provided 

1 < Si, 4 < oo , z = 0,1,2 , 

' m + 8( Sl ) = n\ + 5(s\) = a x + Sin) 
fx 2 + S(s 2 ) = n' 2 + S(s' 2 ) = a 2 + S(r 2 ) 
A^o + S(s ) = fi'o + 5(s' ) = <y + 5(r ) . 

Eliminating /Xj, ^ between (Al.22) and (Al.25) yields 

do + o-i = A* + <K s o) - S(r ) + S(si) - S(ri) 
< (x + a 2 = /i + 5(4) - 5(r ) + 5(s 2 ) - 5(r 2 ) 
y o-i + o 2 = ii - v + 5(4) - 8{rx) + 5(4) - 5(r 2 ) 



(A1.24) 



(Al.25) 



(A1.26) 



38 



The conditions (Al.24) are then equivalent to 

/i<a + (Ti</i + n- 5(r ) - 5(ri) 
< \i < a + a 2 < /i + n - 5(r ) - 5(r 2 ) (A1.27) 

^-v<a 1 + a 2 <^i-v + n- 8{ri) - 5(r 2 ) . 
On the other hand, the Holder condition (A1.23) can be rewritten as 

S{si) + <% 2 ) + 6{s ) = 5( qi ) + 5(s 2 ) + 8(s' Q ) = 5(s[) + 5(s' 2 ) + 8(q ) = n/2 

and reduces to (Al.17) by the use of (Al.26). The left hand conditions of (Al.27) 
coincide with (Al.18) while the right hand conditions reduce to the already imposed 
conditions (ft > 1. 

□ 

Lemma 2.4 is the special case of Lemma Al.3 where one imposes in addition the 
global homogeneity condition f )2.7p under which (Al.17) reduces to ( 12. 6p . 



Appendix A2 

Proof of Proposition 3.1. 

The proof proceeds by a parabolic regularization and a limiting procedure. We 
consider separately the cases t > t and t < t and we begin with t >t . We replace 
(TL231 by 

id t v' = -(l/2)(l-ir])Av' + Lv' (A2.1) 

where L is defined by (I3.16P and < r) < 1. We recast the Cauchy problem for 
(A2.1) with initial data v'(t Q ) = v' in the form of the integral equation 

v '(t) = U v {t - t )v' - i [ dt' U v {t - t')Lv'{t') (A2.2) 

Jt 

where 

U v {t) = exp (i(t/2)(l - irf) A) . (A2.3) 

We first solve (A2.2) locally in time by contraction in C([t , t +T ], H p ') for some 
T > 0. The semi group U v satisfies the estimate 

II u v (t)Vv || < (rity 1/2 1| v || 
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so that by Lemmas 2.1 and 2.2 



|| u) a U v (t - t')Lv'{t') || 

< ( V (t - t 1 ))- 1 ' 2 || u a sv'{t') || + \\uj°{V ■ s)v'(t')\\ + || 0/7^/(0 II 

< C{(r7(t-t'))~ 1/2 II uj n/2±0 s || + || u n/2±0 Vs || + || w n / 2±0 / ||} || wV(0 II 

(A2.4) 

for < a < p'. We estimate the various terms in the same way as in the proof of 
Proposition 3.2 (see especially (I3.8P (13. 9p ). except for the terms containing g{y) or 
g(vo) for which we use the elementary estimate 

II co n / 2±0 g(v m ) || < C\\v {0 y,H p \\ 2 (A2.5) 

with p > 7/2 instead of the more elaborate estimates (I3.10p - (l3.12p . We can then 
continue (A2.4) as 

■ ■ ■ < C{( V (t - t'))- l l 2 al t'^- 1 + a 2 (t'^- 1 + a 2 t' 2 ^ 2 ) 

+ (a 2 + || v(t');H p || 2 ) t^ 2 } \\ u a v'(t') || (A2.6) 

where ao =|| Vq]H p ||. It then follows from (A2.6) that (A2.2) can be solved by 
contraction in C([t , t + Tq], H p ) for T Q sufficiently small. By a standard argument 
using the linearity of (A2.2), one can extend the solution to [io>^1- Let v' v be that 
solution. 

We next take the limit where rj tends to zero. For that purpose we first estimate 
v' v in L°°([to, T], H p ') uniformly in rj. In the same way as in the proof of Proposition 
3.2, we estimate 

d t || wV,(t) || 2 = -T] II L0°Vv' v (t) || 2 + Im < v' v (t), [u 2 °,L(v)}v' v (t) > 

< C(|| co n/2 Vs || + || Vs IU + || co n/2 f ||) || u a v' v (t) || 2 

< N (t) || u>°v' v (t) || 2 (A2.7) 

with 

N (t) = C {a 2 (t^ 1 + a 2 t 2 ^ 2 ) + (a 2 + || v(t); F p || 2 ) t^ 2 } (A2.8) 

for < a < p' . Here we have again used (A2.5). It follows from (A2.7) by integration 
that v' is estimated in L°°([to, T\, H p ') uniformly in rj. By compactness, one can 
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find a sequence of v' for rj tending to zero which converges in the weak-* sense 
to a limit v' G L°° ( [t , T] , H p> ) . The limit u' satisfies the equation fll.23p . so that 
v' G C{[t Q ,T},HP'- 2 ) n C w ([£ ,T],fP'). Furthermore tends to «' weakly in H>>' 
pointwise in t so that v'(to) = v' . A similar argument yields the same results for t < 
to- Uniqueness follows from L 2 -norm conservation and linearity. Strong continuity 
in H p ' follows from the estimate (A2.7) which implies continuity of || v'(t); H p ' \\ at 
to and from uniqueness through a change of initial time. 

□ 
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